Transition Matrix )

Consider the homogeneous system

dx

E = A(t)a:, .’L‘(to) =X (1)

where A(t) is n x n matrix whose entries are continuous functions of t and z € R". Then
the system (1) has n-linearly independent solutions ;(t), z3(t), .. . , Zn(t). Define a nonsingular
matrix VU(t) as

U(t) = [z1(2), z2(2), . . ., Ta(t)] (2)
Then, we have
‘I’d(:) (s [dz;t(t), d”;t(t) o d’”;;t)] = [A®)z: (1), AQ)2a(D), ..., A)za ()]
which gives
du(t)
— = ADY(@) (3)

A nonsingular matrix ¥(t) is called a fundamental matriz if it satisfies the matrix differential
equation (3).

A nonsingular matrix ®(t,t,) is called principal fundamental matriz or transition matriz or
evolution matriz if it satisfies the matrix differential equation (3) with the initial condition
®(to,t9) = I, which is given by

D(t,to) = T(t) T (to).

Write MATLAB code to solve the following problems.

1. For the following matrices, find e

1 b '
(a) 4 = ¢ : (b) Az = ¢ , where a and b are scalars,
=150 0 a
100 =7 =% B
(e)A3=}| -1 2 0 1, (d)Ag=]| -3 5 -3
1N -3 =3 5



—2t A
; e eost —sint '\, 2
. Verify that U(t) = S3e is a fundamental matrix of the system
e¥gint cost

da(t) _ ( —2cos’t —1—sin2t )x(t)

dt 1 —sin 2t —2sint
-7 -9 9 ,
.ForA=| -3 5 -3 |, solve the following homogeneous initial value problem
=3 =37 %
T _ Aat), 2(0) = (L1, "

. Solve the initial value problem

B8 e it b @i

dt
0 -1 0 0 -1 =1 0 0

where (a) A = L | TN and (b) A = R
0 0 0 -1 0 00 -2
3 BI® & 1 8

. Use transition matrix to solve the following system of equation

dz(t)
dt

whereA=< . 1)andb(t)=<t).
i ) 0

. The oscillations of a particle of mass m is given by the following second order differential
equation

= A.’L’(t) ol b(t), .’L‘(to) =T

d*z dz f
ﬁ + k& 5 w2$ = F(t), .’L'(to) = k‘] and .’ll(t()) = kg

where k is resistance and w? = % Use transition matrix to find the solution.

- Use transition matrix to find the solution of the following system of equations

da(t
2 — o) +000), alte) = 29
0 10 0 00
2
where A = il D and B = L2
0 00 1 00
0 —2w.0 0 0 1

¥k xkxkx THE END * % * % % x



Controllability

e————

Consider the linear system

S = AW() + Blu() )

:L‘(to) = 30

where A(t) is n x n matrix, B(t) is n X m matrix, u(t) € R™ and z(t) € R". u(t) is called
control or input vector and z(t) is the corresponding trajectory or state of the system.

The typical controllability problem involves the determination of the control vector u(t) such
that the state vector z(t) has the desired properties. Also, we assume that the entries of the
matrices A(t) and B(t) are continuous so that the above system has a unique solution z(t) for
a given input u(t).

The linear system (1) is said to be controllable if given any initial state zo and any final state
x5 in R, there exist a control u(t) so that the corresponding trajectory z(t) of (1) satisfies the
condition

z(tg) = zo and z(t5) = zy. -

Write MATLAB,code to find the solution of the following problems:

1. Consider the linear system

11'31 01 Ty 0
= + U
.'i?z -1 0 Ty 1
and zo = (0,0)” and z; = (1/2,1/2)7. Find the control u(t) which steers the system

from initial state xy to the final state z;.

2. Discuss the controllability of the following input-output system

dz 25 1 1
E=(1 _2>x(t)+(0>u(t).



3. Discuss the controllability of the following system

dz(t)
dt

where A = el and B = L :
(48 0

4. Consider the system

= Az(t) + b(t), z(to) =z

dx(t
”;(t b dat) s B, 2(t) = 7o
-2 0 1 0 %
where A = 0 -1 0 |andB=| 0 0 [.Determine whether the given system
-3 4 -2 10

is controllable or not? If yes, find the control u(t) which steers the system from initial
state (0,0,0)7 to the final state (1,1,1)7 at time Ty = 1.

5. Consider the satellite problem

dx(t
B — o) +50), z(t0) = 20
0 1507740 00
# 1
where A = il v , B= ¢ , ¢ € R* and u € R% Show that the
0 g 0 ol 0 0 .
. 0 2w 0 O o |

above system is controllable and find a steering controller which steers the system from
initial state zo = (1,2,3,4)7 to the final state z; = (4,3,2,1)7 at time Ty = 1.

¥xxxxx THE END * x % % %



